Abstract. Let X be a smooth projective surface and L ∈ Pic(X). We prove that if L is (2k − 1)-spanned, then the setṼ k (L) of all nodal and irreducible D ∈ |L| with exactly k nodes is irreducible. The setṼ k (L) is an open subset of a Severi variety of |L|, the full Severi variety parametrizing all integral D ∈ |L| with geometric genus g(L) − k.
Introduction
Let X be a smooth projective variety and L ∈ Pic(X). We recall that a zerodimensional scheme Z ⊂ X is said to be curvilinear if for each p ∈ Z red the Zariski tangent space of Z at p has at most dimension 1 (this is equivalent to the existence of a smooth curve C ⊂ X such that Z ⊂ C). We recall that the pair (X, L) is said to be k-spanned (resp. k-very ample) if for each curvilinear zerodimensional scheme (resp. each zero-dimensional scheme) Z ⊂ X the restriction map H 0 (X, L) → H 0 (Z, L |Z ) is surjective ([1, pages 225 and 278]). Obviously k-very ampleness implies k-spannedness, but in a very particular case (but a very important case: smooth K3 surfaces and smooth Enriques surfaces) the two notions coincide ([15, Theorems 1.1 and 1.2]). Now assume that S is a smooth surface and that L is very ample. The genus g(L) of L is the arithmetic genus of any D ∈ |L|,
be the set of all integral D ∈ |L| with exactly k ordinary nodes as its only singularities.
In many cases to check the irreducibility of V k (L) (which of course only holds under certain assumptions) one first proves thatṼ k (X) is irreducible and then one proves thatṼ
In this note we prove the following result. particular [12, Corollary 2.6]). For another case for a K3 surface with Pic(X) ∼ = Z see [5] . In [12, 13] T. Keitel gives several cases in whichṼ k (L) is irreducible, but in all cases Pic(X) is asked to be controlled (e.g. X the product of two Pic-independent curves or Pic(X) ∼ = Z or X has no curve with negative self-intersection). Theorem 1 does not cover [5, Theorem 1] , because (with the notation of [5] ) it would require g ≥ 4δ − 1, while [5, Theorem 1] only requires g ≥ 4δ − 3. We quote [6] for some cases in whichṼ d (L) is dense in V d (L), which is thus irreducible. For tools used in Keitel's proofs and that can be probably used in several other cases, see [8, 9, 10, 11, 12, 13] .
We thank the referee for help in the organization of the paper.
The proof
We recall the following lemma, often called the curvilinear lemma, which is due to Lemma 4] ) and often used to compute the dimensions of secant varieties of varieties embedded in a projective space.
Lemma 1. Fix an integral projective variety, a very ample line bundle L ∈ Pic(X)
and a finite set S ⊂ X reg . Set n := dim X and k := |S|. For each p ∈ S let 2p be the closed subscheme of X with (I p,X ) 2 as its ideal sheaf.
)k if and only if for each choice of a degree
We use |L| to see X as a subscheme of P r , r = h 0 (X, L) − 1. For each p ∈ S call µ p the maximal ideal of the local ring O X,p . Since X is smooth and of dimension n at p, we have dim µ p /µ 2 p = n, dim O X,p /µ p 2 = n + 1 and the vector space µ p /µ 2 p is generated by the images of a system of n regular parameters of the local ring O X,p . By the definition of 2p the sheaf (I p,X ) 2 is the ideal sheaf of 2p as a closed subscheme of X. Thus the linear span 2p in P r of 2p is the Zariski tangent space of X at p and dim 2p = n. Thus the assumption " h 0 (X, L) − h 0 (X, I Z ⊗ L) < (n + 1)k " is equivalent to assume that the linear spaces 2p , p ∈ S, are not k distinct and linearly independent linear subspaces of P r . Fix p ∈ S and take a system of homogeneous coordinates x 0 , . . . , x r of P r , i.e. a basis of H 0 (X, L), such that p = (1 : 0 : · · · : 0) and T p X has x i = 0 for all i > n as its equations. Note that x 1 /x 0 , . . . , x n /x 0 induce a regular system of parameters, y 1 , . . . , y n , of the regular local ring O X,p . Fix any line D ⊂ T p X containing p. D is induced by the equations x i = 0 for all i > n of T p X and by n−1 linearly independent equations in the variables x 1 , . . . , x n , say n i=1 a ij x i = 0, 1 ≤ j ≤ n−1. Let J ⊂ µ p be the ideal generated by the union of all
, which is the only degree 2 connected subscheme of P r containing p and contained in D (and thus spanning D). Moreover Z D is the scheme-theoretic intersection of 2p and D. It is also the degree 2 connected subscheme of D with p as its reduction.
We order the points p 1 , . . . , p k of S and set S i := {p 1 , . . . , p i }. Set S 0 := ∅. Let h be the last non-negative integer < k such that the linear space L h spanned by T p1 X, . . . , T p h X has dimension h(n + 1) − 1. By the definition of h we have
There is E ⊆ {1, . . . , h} and o i ∈ T pi X such that o is in the linear span of the set {o i } i∈E . For each p ∈ S the k-dimensional linear subspace T p X is the union of all lines of P r passing through p and contained in T p X. We saw the each such line is spanned by a degree 2 subscheme of 2p. Thus for each a ∈ T p X there is a degree 2 connected zero-dimensional scheme W ⊂ 2p such that a is contained in the line W spanned by W ; W is unique if and only if a = p. Thus there are degree 2 connected zero-dimensional schemes Z i ⊂ 2p i , i ∈ E ∪ {h + 1}, such that o is contained in the line Z h+1 and o i , i ∈ E, is contained in the line Z i . If E {1, . . . , h} for all i ∈ {1, . . . , h} \ E fix any degree 2 connected scheme Z i ⊂ 2p i . Thus o is in the linear span of the union of the h
Note that the scheme Z in the statement of Lemma 1 have degree k(n + 1), while the scheme ∪ p∈S Z p has degree 2k. 
Proof of Theorem 1: Fix any finite set
S ⊂ X such that |S| = k. Set V (S, L) := {D ∈Ṽ k (L) | S = Sing(D)}. Set Z := ∪ p∈S 2p. By Lemma 1 we have h 0 (I Z ⊗ L) = h 0 (L) − 3k. Note that |I Z ⊗ L|
